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Introduction

The origin of continued fractions is
traditionally placed at the time of the creation
of Euclid's Algorithm. Euclid's Algorithm is
used to find the greatest common devisor (ged)
of two numbers. However, by algebraically
manipulating the algorithm, one can derive the
simple continued fraction of a rational number
p/q as opposed to the ged of pand g.It is
we‘il-known that integer solutions of a linear
Diophantine equation ax+by=c, Where
a,b,c € Z, can be obtained by expressing qa/p
as a simple finite continued fraction. This idea
can be generalized for the general linear
Diophantine equation;
ax, +a,x, +..+a,x, =b, where
a,a,,...a,b€”Z can be solved by using
continued fractions. Here, when n is large we
need more conditions to solve the above
Diophantine  equation  using  continued
fractions.

A Non-linear Diophantine equation of the form
x*~dy* =n , where d and n are integers, is
known as the more general Pell’s equation,
which can be solved for integer solutions by
using continued fractions with additional two
conditions. Further, this work has been
generalized to a Non-linear Diophantine
eqlgation of the form
ax® +bxy+cy’ +dx+ey+ f=0 ,  where
ab,c, ,e,fyeZ. At

Integer solutions to this equation can be
obtained subject to three more conditions.

Method

Use Pell’s equation; x2—_gy*=n , where
dnel. Find integer solutions to Pell’s
equation when >0 and/4 # m forallme N.

The following theorem can be used to find the
integer solutions to x*> —gy? =1.

Theorem: Assume that 4 (> 0) is not a square
of an integer and that p; /gy is the ¥ convergent
ofvd. Let s be the period of the simple
continued fraction representation of Jd .
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(a) The positive integer solutions of
X-dyt=1 are (xy)=(p,,.q,,) for izl
when’ s is even and (x,y)=(p,,_,,q,,,) for
i=1when § is odd.

(b) The positive integer solutions of
x? —dy? =1 are nonexistent when § is even
and (-":.V)=(Pz,-_l)s_,,q(;,-_,k_,) for i1 when § is
odd, where the two sequences {, 3 and {g } are
given by,

Po=ap pi=aa+bp, =a, P, + Py k22 and
Go=tr @ =a» G =0, +q, k22,

(Anderson and Bell, 1997)

This can be extended to find the integer
solutions to x* —gy? = n by writing

n=ln= [(x')2 —d(y')zkr2 - ds?)
= (x'r idy's)2 —-d(x's t y'r)2 ,

where (r,s) is, a particular solution to
x*~dy* =n and (x",y") is an integer solution
0 x-dy'=1. Thus' r'=x"rtdy’s and
s'=x"s¥y’r is an integer solution to
x*—dy* =n. Since we have infinitely many
integer solutions for x*and y’, infinitely many
integer solutions to our original Pell’s equation
can be obtained.

Now consider a Non-linear Diophantine
equation of the form
ax’ +bxy+cy’ +dx+ey+ =0, where
a,b,c,de,feZ. Integer solutions to this
equation can be obtained with the following
conditions:

(@a,c#0

(b)s? —-4ac>0

(c)1/4]b2 _4acj 2m forallme N.

Reduce this equation into a Pell’s equation of
the form ;2_ pep? =N, and then obtain the
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integer solution for it. Hence, infinitely many
integer solutions for x and y can be obtained.

Result

Consider ax® + bxy+cy* +dx+ey+ £ =0.

Lo(byrd)EVL
2a

where L = (by +d)’ —4alcy’ +ey+ f) -

Take L = o* = (by + d)* —4aley* +ey+ f) for

some integer @. Then Ay?+By+C=0,

A=b%-4ac,B =2bd - 4ae,

C=D-o0’and D=d* -4af.

Take z* = B? - 44C = B* - 44(D - 0?)-

Then, z?>-Mw?=N, where M=44 and

N = B*-44D. Solving this Pell’s equation,

integer solutions for z and @ can be obtained.

Hence, we can find infinitely many integer
solutions for x and y.

For an example,
x24+3xp+y* +5x4+y+1=0.
Then, a:l,b::;,c:l,d:s,e:l and f=l

Solution

where

consider

Since, b* —4ac =5(>0) and
Jalp? —4aci=\/ﬁe N, the above method
can be applied, where

A=5B=26,C=21-0*, D=21,M =20 and
N = 256. Next we shall find integer solutions
to 22 -20w’ =256. Then, (z,,w,)=(144,32)

will be an integer solution to z? —20w?® = 256.

Hence, ,_ =Btz _-26£144_ . o 118
24 10 10°
Therefore, y=y,=-17 and  hence,
s —dEo, o and 39.
2a

Then, (39,-17) and (7,-17) are integer
solutions to x% +3xy+ y? +5x+y+1=0.

Thus, we can find infinitely many integer
solutions for given Non-linear Diophantine
equation.

Discussion

If JE: m for some mEN in x? —gy? = », then
s=0. Since , and 4, are not defined g
cannot be a natural number.

Integer  solutions of the Diophantine
equation ax® + bxy +cy’ +dx+ey+ f =0, can be
obtained using continued fraction under some

conditions. Further, we have proved that these
conditions are necessary to obtain the solutions.
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