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COCYCLES AND BILINEAR FORMS
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In troduction
A bilinear form on a vector space V is
a mapp ing a : V x V __ F,where F is a
fie ld, satisfying,
I . a(u+u',v)= a(u,v)+ a(u'.v],

2. a(u,v +v')= a(u,v)+a(u, v'),
3 a(;,u,v)= a(u,~v) = ~a(u , v),

Any bilinear form on F' can be
expressed as

"
a(x,y) = xl'Ay= LQ,/x,y / , where A is

I. /", I

an n x " matrix whose elements are in
F. If G is a finite group and C is a
fin ite abelian group. a 2-cocycle is a
mapping
,,(g,h)qJ(gh,k)= ,,(g,hk: }P(h,k)'ig,hE G.

This implies
,,(g,l) = ,,(I, h)=,, (I,I) vg.beG

A cocyc le rp is naturall y displayed as a

cocyclic matri x; that is. a square matr ix
whose rows and columns are indexed
by the e lement of G under some fixed
order ing and whose entry in posit ion
(g,h) is ,,(g,h ) The matr ix

M. ~ [q{g,h)]g.""" is called a G·

cocyclic matrix over C. Some authors
ca ll this matrix a pure cocyclic matrix
(Flannery, 1996).
In our work, we prove the following
Lemma.
Lemma : Every bilinear form is an
add itive cocycl e and not vice versa.
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Method ology
A Cocyclic matr ix over G is a
Hadam ard produ ct of Inflation.
Transgress ion and Cobou ndary
matrice s.(Horadom, 1993)
Coboundary matr ix of Gover C
can be obtained by norma lizing
the multiplication tab le of the
group G and construction Inflation
and Tra nsgressio n matrices are
given by KJ . Horadom and W.
De. Launey (1993).

Results
It can be easily shown that every
bilinear form IS an additive
cocycl e.

Let a:GxG~C be a z-cocycte.
then
a(x,y)a(xy,z)= a(x,yz)a(y, z).
In add itive form
a(x,y)+a(x + y,z)= a(x,y+z)+

a(y,z)
If a is bilinear
a(x,y + z)=a(x,y)+a(x,zl and

a(x + y,z)=a(x. z)+ a(y,z)'i". y.z e G.

:. a(x,y)+a(x + y. z)=a(x, y) ~ a(x, z)+
a(y,z)=a(x ,y + z)+ a(y,z )'iX. J' .ZEG.
So, a satisfie s a cocycle equation
and hence it is a 2~cocyc lc .

We prove that the converse of this
Lemma is not true , in general, by
giving the following counter
exam ple.
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Co nside r the finite group z~ which is

a Z ~ -modu!e. Therefore. it is a vec tor

space over Z 2 •

Define a mapping a :Z~ x Z~ ~ Z2

such thai
a(x,y)a(xy,z) = a(y, z)a(x,.w) for a ll

. ZJ
X,Y, Z III 2 '

Inflation matrix for Z ; IS:

I I I I I I I

.1 I .1 I A I A

I B B I I 8 8

A B AB I A 8 AB
I I I r e e e
I I I e .Ie e .Ie

I B B r e Be Be
.1 B .-18 e AC He .M ('

If a is bil inear it should sat isfy
the follow ing:

a(x.)' + =)= a(x. y )+a(x ,z}, and

a(x + y,z)=a (x. z)+a(y,z)

for all x.y. z in Z ~.

First 'We wi ll compute the cocyclic

matrix forZ~ .

Transgression matrix for Z; IS:

J I 1 I I J I

I 1 I I I I ]

A' IA I A'IK

K J K 1 K 1 K
L ..II Lif 1 t. .\1 LA!

f. \/ BI I L .'1 L\I

hi. M n .\! I II.L " AL H

KI. ,\I ALII I II.L u ALH

ZlCo boundan: matrix for 2 IS:

I I I I I I I I

I I I' I' Q Q R R

I I'

"
S QRS S QRS

I I' I' I PHS PQS PrJS I' HS

I Q S PHS I Q S PR'>

I Q QRS pQ....· Q I I'QS QRS

I R S PQS S PQS I R

I R QRS I'RS PRS QRS R I

The coc)'clic matrix fo r Z~ IS:

I I I I I I I

I . 1 r A/' Q .'0 R AR

I <I' B HAP S 1\QRS BS BA'QRS

I AM' 81' ARK /'R5 .« PQS BPQS ARKfRS

I LQ HS I..t/PHS r a U OIS CI..HPRS

I .-f1.Q .HQRS ALMPQS CQ ACL CMI'QS ACl.MQRS

I H R 8MS BALHPQS c\. O \l.PQS HC,'d IW ,';LHR

I An R BHQRS ABA·,tWRS ('PRS AIA/.QR'; 8CHR .1HI AL.\I

Transforming to add itive entries over Z 2 = {OJ } one can obtain the following

cocyc lic matrix.
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0 0 0 0 0 0 0 0
() .1 P ,1+1' Q .'''{J Ii . ~Ii

o K+/' H B+K+/' S K+Q+ /4 S tws lM.:.·t{}tR+..<.,·

0 ,It-K+P 8>P .# 8+-K P+R+S .4+K+P+{frS 8+-1"+Qh'" . JtH~K+P+RtS

0 L<Q .titS L+U+P+R+S C nLiQ c-u-s C+L+A/+-P+R+::,"

0 , ~L-tQ .\ It{>t-Rt-S .-H-L+,HtI '+(J+.S (~ .++<.'+1- C+MtP~S ..»(+I_+'\~R+.S

() A.'+I.+H 8+-.lM LJtK+L+HtP-t{Jt.S r+S C+A."+L+f·+Qt-S B+<"'+H /J+{'+"-+1.+.1 1+-1<

II ..1+I\+I.+R 11+\1+{}+R+S ,f+&-" +L+U+I>+RtS C+P+R+." .ftC+"'·+L+{J+.M+-S B+<."+,HtR .1+8+(+1\+1.+.11

Con sider Z; = (OOQ 10QOIQ II QOOl 10 l 0 l ll i q.Then, we can obtaiu its

multiplication table under addition as follows:
e = Oooo = lOO h = OIQo +h = I IQd = OO lo+d = 10l h +d =Ol l a wb wd ~ III.

+ e a b a+b D a+d b+d a+b+d

e 000 100 010 110 001 101 all 111
a 100 000 110 010 101 001 111 011
b 010 110 000 100 011 111 00 1 101
a+b 11 0 0 10 100 000 111 011 101 001
d 001 101 01 1 111 000 100 010 110
a+d 101 001 111 all 100 000 110 010
e-o all 111 00 1 101 0 10 110 000 100
a+b+d 111 011 101 001 110 0 10 100 000

Now,a (a,h + d )=a(100,0 11) =R
a(a,b)=a (100,01O) = P

ala,d) = a (H){),OO I)= Q

In general. R#- P + Q.
Therefore. a is not bilinear.
Therefore.
a (a,h + d ) ~ a (a,b)+ a (a.d }

Conclusion
We have proved that a bilinear form
is an additive cocyclc. Further, we
proved that the co nverse is net true
by g iving a counterexample.
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