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Introduction
We propose a new abstract algebraic system,
which extends the notion of real and complex
number systems. With the relaxation of some
field axioms, we are able to extend the complex
number system to higher dimensions. This
extension gives ways to analyze many
problems in physics and engineering.

The study was motivated by considering the
general solution of the Laplace equation. In a
three dimensional domain, the Laplace

equation is given by L1u = a2
u + a2

u + a2
u = o.

Ox2 ay1 az1

Separation of variables u = X(x)Y(y)Z(z)
X" Y" Z"yields _ +_ + _ ;; O. Since the terms in this
X Y Z

equation are dependent on only one variable,
each term equals to a constant, say,
X" Y" Z"_ = _a2 _ = _b1 and _ = _c2 where
X 'Y Z'
a,b,c satisfy a2 + b' + c2 = 0, and the solutions
are given by u = eax+by+,~. In fact, one may
easily see that for any function few) with
f"(w)"* 0, the expression
u = f(ax + by + cz) is a solution. We seek a
space in which the constants might be with the
conditions that a ,b ,c are linearly
independent and quadratic dependent. In fact,
there are no constants in the real and/or
complex fields that satisfy the above two
properties, because any three member in these
fields are linearly dependent. This observation
demands us to consider a number system,
which is other than the real and complex fields.
This motivation and application was presented
in IWAMCS07 (Nasir et aI., 2007).

Literature review
The theory of numbers has always been a quite
fascinating and rich subject and seems to stem
from ancient Greece. Complex number theory
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is by itself a nice achievement in this endeavor.
Extensions of complex numbers have been an
active subject in the 19th century by many
prominent mathematicians such as Hurwitz,
Clifford, Graves, Grassman and Hamilton. The
notable extensions in this period are the
Clifford and Grassman algebras that have
applications in physics. Hamilton's quatemion
and the subsequent discovery of octonion were
considered big achievements in the search of
higher dimensional fields.

But all these extensions lacked one or more
important properties of multiplication, namely
commutative and associative.

Recently, Fleury et al., (1993) have extended
the complex number theory with these two
properties intact to higher dimensional vector
spaces and called them multicomplex numbers.
These multicomplex numbers mostly behave
like complex numbers and most of the
algebraic and analytic properties were shown
by Fleury et al., (1995). Our definition is more
general and includes the multicomplex number
system as a simple example.

A New Abstract Set

We define a new abstract space as follows:

Definition 1: Let Vo' V. ,V2 , ••• , v" , ... be vector
spaces over the real field R with

dim Vn = dn, Vo = R and V = U:=oVn• Then,

u , v E V => U E Vn , V E Vm for some m, n .
Define multiplication of vectors in V
satisfying the following four axioms:
Ll: uv E Vm+n c V.
L2: uv = VU, V u, V E V

L3: (uv)w = u(vw), Vu, v, WE V.
L4: lu = u, VUE V, where I E Vo'
In this new construction, we relax the existence
of multiplicative inverse. Addition between
elements of different vector spaces is used for
symbolic purpose only. We call the abstract
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space 'Layer'; each vector space Vn ~ V a

layer of mode n; the space Vo the 'unit layer'

which is R; the space VI the 'base layer' and
the dimension of VI the 'base dimension'. All
the zero vectors Om E Vm are commonly called
zero and are denoted by O.

Example 1: Let D2 be the set defined by

D2 ={ax+by;a2 +b2 =O,x,YER}and
Vn = {an-Iz I z E D2} for n>O with Vo = R.

Let V = l1';o Vn . Then, V forms a Layer with

the usual multiplication. Here, dim Vm = 2 for
each m>O and the Layer becomes a field
isomorphic to the complex field.

Example 2: Let Vn={Pn(x);degpn::;;n}.

Define multiplication on V = U~;oVn

pq=Pn(x)qm(x),Pn EVn,Pm EVm· Here,
we have Vnc Vm for n < m and

deg F, = n+l.
Example 3: Let Pn be polynomials of degree
less than or equal to n and define
Wn = {P = (Pn' Pn-I); n, E Vn ,Pn-I E Vn_I},whe
re Vn are vector spaces of polynomials defined

in Example 2 and let W = U==o Wn• Define a

multiplication
PQ = (Pn' Pn-I)·(qm ,q.,_I)
= (Pnq., -(I+ X

2)Pn_lqm_I' Pnqm-I+ Pn-Iqm)'
Here, dimWm = 2m+1.

Main Results

Here we list the main theorems for this paper.

Theorem 1: Let V be a Layer with the base
layer VI and BI = {apa2,a3,'''an} be a basis
for V; . Then, for each layer Vm' a basis can be
expressed in terms of the powers of total
degree m of basis vectors from BI•

Definition: A Layer is called a Harmonic
Layer if there is a basis BI = {ai' a2, a3,' •• an}

for the base layer V; such that L~=Ia,2 = 0 .

Theorem 2: Let V be a harmonic Layer with
baseBI={a,b,e}. Then, the set of 2m+1
monomials of degree m given by
{am ,am-Ib,am-2b2 -: .,bm;

am-Ie, am-2be, ... ,bm-Ie}

is a maximal linearly independent set in Vm

and hence dim Vm = 2m + 1.

An application

One of the interesting applications of Layer
concept is the representation of functions in
more than two variables by harmonic functions
(Nasir, 2007). Harmonics are solutions of the
Laplace equation.
Try u = (ax + by + CZ)I for a solution, where
a, b, c are independent constants. Then a, b, e
satisfy a' +b2 +e2 = O. Hence, we see that the
solutions of the Laplace equations can be
expressed as powers of the vectors from the
base layer of some Layer V. Expanding the
power representation using the constraint and
by Theorem 2, we see that each term in the
expansion is a solution of the Laplace equation.
For example, with I = 2, we have,

u2 = (ax + by + ez)2

= a2x2 +b2y2 +C2Z2

+ 2abxy + 2beyz + 2aexz
= a2(x2 _ Z2) + b2(y2 _ Z2)

+ ab(2xy) + be(2yz) + ae(2xz).
Since, by Theorem 2, the monomial set
{a2,ab,b2;ab,be,ae} is a basis for the layer

V2 . Applying Laplacian on u2' we deduce
that the functions
X2 _Z\y2 _Z2, 2xy, 2yz, 2xz are all
solutions of the Laplacian equation. This is true
for arbitrary power I as well.

Conclusions
We have constructed an abstract extension of
complex numbers which has a multiplication
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with four properties. We called the abstract set
'Layer' and showed that the real and complex
fields are trivial and simple cases of a Layer
called harmonic Layer. We presented an
application of our abstract setting in the
construction of harmonic functions. The
definition is restricted to be primitive to meet
our immediate needs, but could be refined with
further properties. Further research is needed to
find other properties to be satisfied by the
Layers.
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